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I ;)^ro<luct,ion 

We normally distinguish between two classes of alfj;orit:uiis: 

deterministic ftlgorithms and non-deterministic ftlgorithfflSt A deterministic 

algorithm lefines a s in,;le-valued (partial) f'-mction, wnile a non- 

deterministic algorithm defines a many-valued function. Tnerefore, 

while there are only :'ew properties of interest 'mainly, termination, 

partial correctness, total correctness, partial equivalence, equivalence 

and total equivalence) for deterministic AlgorithmSj there are many more 

fincluding partial determinacy, total determinacy and several additional 

varieties jt  termination, correctness and equivalence) for non-deterministic 

algorithms. 

Several works have recently formalized properties of ftlgorlthns in 

first-order predicate calculus (see Manna [8]). The importance of such 

formalization is clear considering the current power of mechanical 

theorem proving technqiucs, which hopefully will be further improved in 

the next few years. Unfortunate.1 v there are properties (such as 

equivalence) that cannot be formalized by a first-order formula; however, 

they can be formalized by  a second-order formula (see Cooper [^i). 

In this work we s:iow that for any given algorithm, it is always 

possible to formalize all its properties by second-order formulas, if 

one knows how to formalize its 'partial correctness' by a second-order 

formula. 

This result is of special interest since 'partial correctness' nac 

already been formalized for many classes of deterministic algorithms, such 

as flowchart programs (Floyd [6] and Manna [''), functional programs 

(Manna and Pnueli [10]), and Algol-like programs (Ashcroft [1] and Burstall [3])j 

and also for certain classes of non-deterministic algorithms, such as non- 

deterministic pngrams (Manna [o]) and parallel programs (Ashcroft and Manna [2]). 

Papers closely related to this work are t:;ose of Cooper [5! and Park [11 ]. 
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I.      PARTIAL FUNCTIOIK 

! 

1 
Let y ■ fix) be a parti&l function mapping D  ''called the 

input domain) into D  (called the output domain). That ir, for every 

|cD ,  f(|)  la either defined (notation: *f(l))  or undefined. 

A function that is defined for all valuec of itl input domain is called 

total. A function whose output domain la (true, false],  {T,7) for 

short, is called predicate. 
. 

Basic definitions 

Let    ^(x,y)     be a total predicate over    D   xDr    and let    frD     .    We x  y x 

say that 

l.(a) f(|)  is partially correct w.r.t. { if *f(0 3 t(t»f(|)) I 

(b)  f(|)  is totally correct w.r.t. f    if »f(|) A ♦({»fd)) . 

Let y ■ f. (x) and y ■ f9(x) be any two comparable partial functior.'s, 

i.e., partial f\inctions with the same input domain D  and the same output 

domain D . We say that i-' 
y 

2*(a)  fi(t)  an(i f<>(l)  are partially equivalent if 

»f^D A »f2(|) 3 f^l) - f2(|) ; 

(b)    f-Cl)  is an extension of f2(l)  If 

*fzil)  3 [»f^l) A f^l) - fg(t)] ; 

c) f.(|) and f?(l) are equivalent if 

[♦f^e) - *r?U)]  A [»f^l) A »f2(|) 3 f^l) - f2(|)] ; 

(d) f,({) and f_(l) are totally equivalent if 
■1 c  

^(D A -f^o A f^e) - f2
/!) . 

—'   Throughout the paper we are assuming that the connectives have the 
following precedence: ~ , A , V # 3 and i . Thus 'mJ     is more 
binding than 'A', 'A' is more binding than 'v', and so on. 
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Let    y     -  f  '':■:'},...,; f fx  )     i. e partial functions with input 
1        1    1 ri        n    n ' ' 

domains    D    ,...,D.,      and output domainc D    ,...,D      ,   rccpectively. 
xl ■■>; yl yn 

Lot    ^'{x., v,, . . .,x ,v )     Le anv total predicate over    D     xD     x ... /D     x T
J 

I 1   n n x.  y,     x 

We tay that: 

•'.(a)  f,((,)••• »«f (! )  are partially correct w.r.o. 3  if II n    M '  

•f.dJ A   ... A   T ({ ) 3 n'f,!' (*),...,=  ,r ({ ))   ; I 1 n    n 11    1 n    n    n 

fb)     f. ('),,..,r (|   )     are totally correct w.r.t.    ^     if 1 1 n n '  

II n n    ill   ' n n n 

For It " 1 we obtain properties 1(a) and 1(b) ac special cases 

of properties 5(a) and 5(b)| respectively. Note that tiie case k - 2 

and f^ is identical to f , can be used to define some properties of 

a single function which, cannot be defined by 1(a) or 1(b). 

For example, the property that a function f mapping integers 

into integers is defined and monotonically increasing (i.e., 

I  > I* 3 f(|) > f(?')) )   is exactly the case where the functions f 

and f  (where f  is identical to f) are correct w.r.t. 

♦(x,y,x»,y») : x > x' Dy > y* . 

For It « 2 and  ^X-^y.^Xg^yg) »X. ■ x0 3 y^^ ■ y0 we obtain 

properties 2(a) and 2(d) as special cases of .*(a) and :(b), respectively. 
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The foraallzgtion 

Suppose that ire Jan f raallze the property of   f   being partially 

correct by a second-order  fonaula    w   ■;, i)   "    ;■.  '■•    :' llowin,-  renr.o: 

For every    |cD      and  for every predicate    I   .■:,;.■;     over    D   xD     : 
"      *■' 

vi*,^)     if and onl:.-   I :'     • :'  ' ■       j 'J^fj p))   • 

I.e.,     w''e,.)     is  true  if and only   : :' either    f(l)     ifl undefined,   or 

f(|)     ifl defined and    ♦(!,f(|))     ifl  true. 

Ilote that  the foliowinj: two properties  of    w(x,q)     are alwayr  true. 

For every    ?/D     :     (i)    lf(|»T)    and therefore    3<]V(|»q)   ,   and 

(iij    ~ »fl i)  -   wqw;Si)   . 

Theorem 1 

0. f(|)     ifl defined  if and  only  if    ~ w  ','-•     I 

l.fa)     f(|)     ifl partially correct w.r.t.     i     if and only if    wyf,^;   ; 

(b)    f(|)    ifl totally  correct w.r.i.    .    Lf m I    nly if   ~wi't,~i.)   ; 

2.(a)    f-Ct)    and    f ({)    kre partially eqtiivalent   if and only if 

wq[w1^.,q) v ir2(|,~q)    ; 

(b)    f (f)    ifl an extension of   f (P)    if and only if 

] 
I 
■ Vqlw^Si) - w„ l,q) 

: 

i 

i 

(c)  f-, ^)  and f9({)  are equi'/alent if and only :: 

(d)  fjd)  anc f-d)  are totally equivalent if and only if 

Vq!~ w^Sq) '•' ~ ^(ti ~i)    I 

3T.. V.'e wri'e    w x,-.'1     t(    Indicate thai   the ¥ff    •»'    tiafi  no  free  varia! le: 
except the  individual varia; le    X    av:   '   (   predicate variable    q   • 



i: 

[ 
i: 

i; 

5»(»)     f.(|.)*«•••f    t   )    txvt: parliallv   lorrect  w.j-.t.   v      If and only  if Inn 

(b)     1% (f   ),..., '    I   )     are  totally correct w.r.t.     j     if and only  if v   '       1    1/ '   n    : 

Vq1...Vqn{w1(l1,q1) A   ... A v'^)   ) 

froof of Theor« 1 

0. - tr(l#5)   ••    »f(l)   1 J   •••   ~ »f(l)  • 

l.(a)     w(«,v)    «     n-(0  D »({»fd))   . 

(b)    ~ »(!,-♦)    »    ~l»f(l) 3~*(l»f(0)]    "    *f(l) A 1r(|,f(l))   . 

2.(a)     ~ Yqlw^Sq)   V w /S -q) I    H     'ql- w1(f ,q)  A ~ w?(P, ~q) ] 

«     Sql^d)   A  -qf^l^fO)   A   »f2(|)   A   q(^f,(0)] 

m     »f^l)   A   »f2(l)   A   1^(0   /   f2(t) 

•    ~ i'^'6'   A   -f (I)   :>  f^l)   -   f2({) I   . 

(b)    -VqU-,   '^l,1    ^ ■■,■„  =,q) 1    "    "q[w1';|,q)   A  ~ w2('i,q) I 

o    -iqfl-n^if)   V  qi
t

J,f1(P))l  A   [»!%(?)   A  ~q(|,f2(|))l) 

^   -in-'^C)   A   -f   (I)  A   ~q(|,f,(|))l 

v [»f^l) A *t2{l) A 4(1,^(1)) A ~q(|,f2(|))l] 

m     Sql -^(1)   A   *f,U)  A  ~ q(r,f:i(0) 1 

v Sql^d) A »f2(|) A 1(1,^(0) A ~q(l,f2(e))] 

V  aq[*f1(«)   A   *f,(0   A   q(t,f1(0)   A   ~q(e»f2(l))] 

•     l-'f.O    *tJl)]   v   [»f-d)   A   »f0d)   A   f-d)   /   t0{l)] 
L/ 1 i. d X c 

m    ~ (»f^l)  3 1^(1)  A   f^l)   - f2d)]]   . 

•^[~A v; ; A (BA ~r, :   ii  logically equivalent to  [~AA BA ~D ] v [AA 3A C A ~D ]. 

-/[~AA 3j V [AA ?A ~i: ,   Ll lugloally equivalent to ~[3 D A A C 1   . 
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I 
(c)     Vq[v1(P,q)   - w2(f,q)] 

| -    vq{[w1^J,q) - w2(P,q)] A   [wj^q)  - w1f5,q)]] 

M    Yq[w1;P,q)  - w?ff,q)]  A Vq[wr(^q)   :   w^'^q)]   ; 

then use  2(b). I 
I fd)     ~ Vq[~ Wi:Sq)   V ~ Wr(PJ, ~q) ]     «     ^q[w1f' ,q)   A   w^i P, ~q) ] 

o   aqft^d) Dq(|,f1(|))jA  [»fgd) 3~q(|,f2(|))l) 

J V  ^q{l~  »^(1)   A   ~  «f^Ol   V   l-^yO   A   -q(|,f2(|))] 

v [qdi^CO) A ~»f2(|)] v [qd^d)) A -q(|,f2d))lJ 

sq((~ ^(1) A ~ »f2d) ! v ~ *t^X) v ~ *f2(0 

1v [qdif.d)) A -qd,f2d))J) 
1/   - 

1 

-=    ^q[[~ »f^l)   V ~ 'f2(0 

v [»f^i) A »f2d) A 1(1,^(1)) A ~qd,f2d))ij 

«   -^(fj v~»f2d) vsqt^d) A *iyf) A qd.f^l)) A ~qd,f2(|))] 

« -♦^(f) v-«f2d) v [>f1(f) A »f2d) A f^o / f2d)] 

« ~ 1*^(1) A »f2d) A f^i)   f2d)] . 

3.(a)     -q1...^qn{w1'*1,q1)   A    ...  A   »„(l^^)   A 

A   fTL . ..Vr,   [q, d,»TJ-) A ... Afl   ((   , T|   )   3 ^({..IL,. . ...I   .1)   ) ]) 1 n   ^1    1    1 -n    n    n 1    1 n    n 

M    »f.d.) A   ... A   *f d  )      ♦d,#f,d,)....»!  *t {\   ))   . 1    1 n    ny 11    1" rr   n   'n 

(b)     ~Vq1...Vqn(w1'!1,q1)  A   ...  A   w^^^,^) D 

'rTi1---'J,inlq1^,1)
viI) A ... A ^/Pn,'in) A^rf^rj^...,fn>Tjn) ]} 

B«   3q,...3q   [1*^(10 :> q,d<i*f-i d,)) ] A ... A [»f fl  ) - q (I »f (!  )) ] A §2 -nl      1    1'        '1  '1'   1    1'; n   -ny       ^-n    n'  n   "n" 

V^i,.. .V-, [i  <'*,'!- ; A ... A a  (|  ,', ) 3 ~?d,,n,,....l ,Ti )]] 
1 n    1    1'   1 *n    n    n 1' '1'       '   n    n'   ' 

1 -    *fl^l)A   -^   ■fn'g--^^l-l/fl)---'Vfn;fn)) 
« -i'f^^ A ...A »fndn) A ♦d1,f1d1),...,en,flldn))] . 

Q.E.D. 

^   [ADC ] A [Ho~D ' ir Ic/ically equivalent to  [~A A ~B ; v [~A A ~D ]  V 
[CA ~ B]  V  [C A  ~ D]. 

-I   [~AA ~E] v~A v~3 v [C A ~ j j ir logically equi'/alent to ~A 7~E v 1A A B A C A ~ D ] 

1/ ~A7~BV[AABA~C:]   ic ic-ricaily tqulvmlant to ~(A A B A C]. 



Exarnlg 

Oir theory  Ls based    •   the assumption thai    'or a    Lven pai-tial 

function    f ,  one knows i   w I it rue t the appr | ■■'■■•   sec ■:'.:-  rder 

formula   W'X,T)   .     nie c  nstructJ  •    .-■•      :. .   Ln    ei "ral,  on the  (determine   tic) 

algorithm Aefinin      f .        ve er, i       entioned in the    nl ■• duction,  * 

construction of   w x, |        as ai ■• ■ ■..    een   lescribed  " r   any classes of 

deterministic al^orlthms^  sue    as:     ': wcharl   pr    ra I yd [■   , 

Manna I"'), Functional programs Manna and ftiueld [10])i and Algol-like 

pro.'ramc   (As!;croft   [1 ,   Burstall  [3]). 

We r,h.all Illustrate th< tj       if   w(x,q)     ' ■   ■   ■   racJ   ria 

funetioo over the integers (undefined   f    atj  •• '•*•   ers     lefined by 

four different algorithms; the Pirsl tu - are ■' wc arl pr ;rai s and the 

other two are functional program) . lote thai ■ mular relflect the 

computations of the algorithms in a very natural way.<^ 

1. 

c 3C. 

1> 

• 

r 

*- 

1               2 

z -a 

w-jix^q)     Ll 

3pfp(x,l,x)AY«1Ts2lp(x,z1,z ) 

<l(x,y) 

if .-.     -- 0 then q(x,z1)   el£c pfx,;:^^ ,,.:  -l) ] ] 

-I   In the  ft mular,   ' i f •'•  1 A=>B   Al- 



n 

. 

; 

: 

i 
i 
i 

2. i       STAKE        j 

•- x 

.:     • 

.--PU^-O 

w;,(>:,q)     la 

ap{p(x,l,0)  A   V^VsJpC^::.,.;       D if z     -   x then q(x^])   elcc q(x, ^^ (^+1),.:_ H) J] 

:'.      y = f(x)i w.-.ore    f(x) <   if x then 1 elgi   .■: •i'(>:-l)   . 

w5(x,q)    1E:  if x     0 then q(x1l) el*e Vz[q(x-l,z) Dq(x,x'z)]  . 

l-     y ■ g(x#0)| vhere        t,z) t if J      Z t   i ■ L£(   (::+l) •■:(:■:,z+l)   . 

w4(x,q)    is:   !p{Vy[p(x,   .. .   c,y)    /« 

VxV: !_^; Z I   i     |   .:,.:, 1) 

els«  Vt[p(x,z+l,t)  Dp(x,z,(z+I)»t)l]l   . 
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II.    MANY-VALUED FUNCTIONS 

One natural extension of our results is obtained by considering 

many-valued functions rather than single-valued functions. 

Let    y = F(x)    be a many-valued function mapping elements of    D 

into subsets of    D    ; that is,  for every    IcS    ,    F(|)    is a (possibly 

empty)   subset of    D     .    We say that: 

1. F(^)     is defined if    P(|)  / 0  . 

2.(a)    F(g)     is partially determinate if 

Vy1Vy2[y1rF(|) A y^FU) = ^ • Ygl  , 

i.e.,     P(l)     is either empty or a singleton; 

(b)    F(|)     is totally determinate if 

F(l) / 0 A Ty^Tygty^Fd) A y2eP(|) 3 y1 = y2] , 

i.e.,     P(|)     is a singleton. 

Let    t(Xfy)     be a total predicate over    D   xD     .    We say that: x     y 

3. (a)    F(g)    is partially "-correct w.r.t.    ^    if 

r(i) - 0 v ay[y€P(i) A tc^y)] \ 

(b)    F(|)     is totally ^-correct w.r.t.     j|    if 

SSr[y€F(|) A ♦(|,y)] ; 

^.(a)    FJl)    is partially V-correct w.r.t.    \|f    if 

fy(ycP(|) 3 t(|,y)] ; 

(b)    FJl)     is totally V-correct w.r.t.    |    if 

r(|) / 0 A Ty[y€P(|) 3 ♦(|,y)] . 

Let    y ■ F. (x)    and    y ■ F?(x)    be any two comparable many-valued 

functions,   i.e.. many-valued functions with the same input domain    D 

and the same output domain    D    .    We say that: 



I 
I 
I 

5«(a)     F,(|)    and    F_(|)     are partially non-disjoint if 

F1(|)  - 0 v P2(|)  - t v [P^l) n P2(|)  £ 0]  ; 

(b)     P.(|)    and    Pp({)     are totally non-disjoint  if 

p^!) r F2(t) / 0   , 

i.e.,    ^ria5r2[y1€P1(|) A y2€P2(|) A y1 = y2]   ; 

• .(a)     P..(I)    and    P«(l)     are partially determinate-equivalent if 

VylVj'2!yl'-l,:!) A  ^2^) '^1 " ^   5 

Cb)     P. (I)    and    •',/!)     are totally determinate-equivalent if 

F1(f) / 0 A P2(|) / 0 A Vy^ty^d) A y2€Pf(|) 3 y1 ■ ft\ , 

i.e.,     PjCl)   " F  fl)     and they are cingletonc; 

7. fa)    P^l)    It an «xtmaion of   Pjl)    if   P^l) 2 FJl)  ; 

(b)     P.(I)    and    F (|)     are equivalent    if    fAl)   ■ F2(|)   ; 

8*(ft)     FT(I)    and    F_(t)     arc partially equivalent  if 

F1(5)  - 0 v P2(|)   - / v P^l)  - P2(|)   ; 

(b)     ?-.{%)    and    Pp(t)     ai'e totally equivalent  if 

F1(l)  / j*  F2(|)   / 0 A P^l)   = P2(|)   . 

Suppose that we can formalise  -he proparty of    F    being partially 

correct by a second-order formula    W(x,q)    in the following sense: 

For every    Id)      and for avary predicate    if'(x,y)   : Wfl^u')     if and only 

if   Vy[y'F(0 D ^»,y) ! . 

1. 



Note that the following two properties of   W(x,q)     are always  true 

For every    ?cD     :     (i)    W(|,T)    and therefore    ^qW^q)   ,   and 
A 

(ii) P(|)-0= TqW(f,q) . 

Theorem 2 

1. P(|)  is defined if and only if ~W(5,7) ; 

2. (a)  F(|)  is partially determinate if and only if 

fqlW(|,q) v W^-q)] ; 

(b) P(|) is totally determinate if and only if 

~W(?,?) A Vq[~W(5,q) V~W(|, ~q)] ; 

3. (a)  P(|) is partially ^-correct w.r.t. f if and only if 

lf(|,>) v ~W(5,~^) ; 

(b) P(|)  is totally ^-correct w.r.t. if if and only if 

~W(|,~1r) ; 

h.ia.)    P(|)  is partially V-correct w.r.t. if if and only if W(|,ilO ; 

fb) P(|) is totally V-correct w.r.t. if if and only if 

~w(|,5) A lf(|,t) ; 

5. (a) P«(|) and F(|) are partially non-disjoint if and only if 

W1(|,?) Vlf8(|,f) V Vq[~W;L(5,q) V ~ W2(|, ~q) ] ; 

(b)  P.(|)  and F (|) are totally non-disjoint if and only if 

Vq[~W1(|,q) V~W2(|, ~q)] ; 

11 



1 Ja)     P,({) and F-(|)  ai-e partially determinate-equivalent if and 

only if VqJW^^q) V V.T
2(*, ~q) ] | 

(b)     F.Ct)    and    F„(|)     are totally determinate-equivalent if and 

only if   ~ 1^(1,5) A ~W2(^'?) A Vq^C^q)  VW2(|,~q)]   ; 

7. (a)     F.(I)     1B an extension of    F_({)     if and only if 

Vqliy^q) 3 W2(|,q) !  ; 

(b)     F.(|)    and    F_(t)     are equivalent if and only if 

VqlW1(FJ,q)   3 W^^q)]   ; 

8. fa)     F,(i)    and    F_(|)     are partially equivalent  if and only if 
1 c, 

vy*,?) VW2(5,5) v VqlW^^q) ■ W2(|,q) ] ; 

(b) F.(t) and r^')  are totally equivalent if and only if 

-W^'f,?) A ~W2(|,5) A VnJV.^f^q) !E W2(|,q)] . 

Proof of   ;'::cora':.   2 

1.        ~W(e»»)   «   ~ Yy[y€F(|) 3 f ]   «   ay[ycF(|)]   «   ?{%) f $ . 

2,(»)    ~Yq[W(|,q) V W(|, ~q)]    «    ■:q[-Wf^q) A ~ V/f?, ~q) J 

M   gq(ay(y€P(|) A ~q(|,y)] A 3y(y€P(|) A q(e,y)JJ 

«   ay^gLy^FCi) A y2€P(|) A y1 / y2] 

»   -Vy^y^y^Pd) A y2€F(0 = y1 • y2] . 

(b)     Follows  from 1 and  2(»)« 

5. fa)     Follom from 1 and  3(b)« 

(b)   ~wd,~ir)   «  "-YylycFd) 3~td,y)]   «   aytycFd) A tdjy)] 



Ma) Wd,*) « Vy[y( F(|)  Kl»y) 1 • 

(b)  Follows from 1 and Wa). 

5«(»)  hollow;- from 1 and ^(b) . 

(b)  ~ Vq| -v.y^q) V ~W?(!,~q) i  «  "ifV^l F, q) A W^f P., ~q) ] 

«    ■fq{V:/l:,-' ^(f) T q(!,y) I A Vy[y< P2(!) 3 ~ q(F,y) IJ 

»   Vy1Yy2(y1( ^'0 A y-y^VO = y1 / y2l 

"    ~3y1^y2[y1eF1(|) A y2€F2(|)  A y1     -j^,  . 

■ . ,a)    ~ VqtW^ljq) v WgCl, ~q) 1   »   Sql - W^^i f,q) A ~ Wgd, ~q) 

■>   aqOyly^Ci) A ~ q(|,y) I A ay[yeF2({) A q(l,y)l) 

»  ay13y2[y1€F1(!) A y2€F2(|) A y1 / y2] 

«   ^ VyjVy^y^F^d) A y0. K0^) -o y1    yg] . 

(b)     Follows  from 1 and 6(a) • 

7.fa)    ~ Yq[W  (^q)  :J W0(5,q) 1    «    3q[W,(|,q) A ~W,(|,q) ] 

»   aqtVy[y€F1(e)   > ti(l,y) ] A 3ylyeF2(l) A ~ q(!,y) ]] 

-   rJy[y'i''2(l) A y/i^i'F) 1   «   ~ iFjd) 2 F2(01 • 

(b)  Followr from 7(*)« 

8. (a) and (b)  Follow? from 1 and 7 t) . 

Q.E.D. 
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III.     AUGMEUTIS :.^J>T- /ALIJFJ I^CL'TIOHS 

In order to rorrr.ali.ie reveral moro natural properties of a non- 

determinictic ftlgorithn it  is usually not  sufficient to consider it as 

defining a regular meny-valued function    F    (mapping elementr of   D, 

into BUbsetfi Of    D    )|   but   rether as defining an au^nented many-valued 
y 

function    F    ,  mapping elements of    Ü       into non-empty subsets  of 

D    'i   [a-)  .    Thus,   for example,   for some algorithm with 

D    = D    =   [tiie integers]    wo write    F (7)   B   (3, i;,00)    to mean that 
*      y 

for input    x  - 7   :    there is at least one finite computation of the 

algorithm yielding    y =  3 ,   tnere is at least one finite computation 

of the algorithm yielding    y -- 5 >  and there is at  least one infinite 

computation.    We  say  that: 

l.^a)    i + (^    Is |-deflned if   ^yiy :■"*''e) Ay/«]   ; 

(b)     Fjjj     Ls ^-dei'ined  If    ¥y[y€F ({) D y / •]   . 

2. (a)     F  (*)     is partial.!;,'  dof.eminate if 

VyiVy2tyi' J + '-) A y2^'^ A ^ / ^ A y2 / ^ ^ ^x ^ yg1 ; 

^b)     F  (f)     is totally dete:miinate if 

Vy1Vy2[y1€F  (|) A  :/,,■■:   I i)  -   y1 / ^ A  yg / » A y1 - y,,]   . 

S.(a)    ^ {j)     is partially "-correct w.r.t.     ji    if    3y(yeF (|) A [y/* 3 t(lfy) ])| 

fb)    Ijj^} is totally "-correct w.r.t.     -ji    if    ^y[yrF+Cf) A y / » A ^(|,y) ]   . 

If.(a)     [ :'l)    is partially V-correct w.r.t.    v    if   fytyeP (I) A y/t» D <r(|#y) ]j 

(b^    LIU     ir  tQtally V-c-'orrect w.r.t.    f    if    Vyf.yrF+f ?) ^ y / " A ii'(|,y) ]   . 

Let    y ■ P. fx)     and    y ■= F_(x)    be any two comparable augmented 

many-valued functions,   i.e.,   functions with the same input domain    D 

and the same output domain    D    .    We say that: r y 

Ik 



j" 

5.1'a)     P,(|)     and    P_(|) are partially "-equivalent  if 

:■. '- ^'i       '^ '   y2€F2^^ ^   (yl ^ ^ A y2 ^ "  "' yl      y2^   ; 

(b)     F.(|)     and    F_(|) are  botally "-equivalent  If 

-'l'--'!    1 '" ■■'   ■:/    2 ^   '   •■i '   " '   :12f   '   A yl      y2]   : 

• .fa)    F^d)    and    ■'. 'e ^ are pari Lallj defterminate-equlvalent  Lf 

Vy^y,,!;,^   F1(|) A y?'i'\,(0 A y^ / » A y? / «> -;-, yi  - yo]   ; 

(b)     F-d;     aiul    ?    \] are  'ovally del eminaue-equivalent  If 

Vy1Vy0[y1F1i'P) A  Yo'-Vo(.?-) " ^ ^ • A Yg / • A j^ ■ y2l   ; 

7.(a) F*(t)    partially extends    F^d)    If   [F*(|) - (•)] D [Fg(|) - (»)]  ; 

(b) F*(|)    totally extends    Fgd)    if    F*d) 3 F^fO   ; 

8. (a) r-,1'*)     and    F_(0     are partially equivalent if 

I. [F*d) - {-}]      [Fgd)  - (-)] ; 

(b) F*(|)     and    F^d)     are  totally equivalent  If    F*d)   » Fgd)   . 

Suppose that we can fomalize the propertier. of    F      being partially 

"^-correct and partially V-correct by recond-order formulae    W(x,q)    and 

W  (x,q)   ,   respectively,   in tne following sense: 

For everv    IcD      and for every "Dredicate    t(Xjy)     over    D   xD     : 
 X __; X      y 

W'^P.U-)     if and only if    ••y(y.F+(0 A  [y / °° -0 '+■(*,y) j)  , 

and 

WVi f.,^)     if and only if    Vy[y. ■■V) A y / » D ^(^y) ]   . 

note that the follow!n>:- properties of   W (x,q)     and    W (x,q)    are 

1 1 
always true.     For every    |eS     :     (i;    W d»T)    and therefore    Sq,* d»<lJ   > 

11)    WVf»,T)    and therefore    3qlr(l,q)   ,     fiii)    »eF^Cl) D fqlr(C>4)   > 

and     (lv)     F^CD-W = VqWV(f.q)   . 

15 
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Theorem I- 

l.(a)    F+(0     la ^-dcfinod if and only if    ^W (1,5)   ; 

(b)    F+(P)     Ifl Y-defincd if and only if    ~w"(f,7)   ; 

2.(a)     F  (0     ifl partially determinate  if and only if    Vq[W  (Sq)   V W  (P,-q) |   : 

(b)     P (|)     ifl totally determinate  if and only if   Vqf ^lr(|,q)   V   ~W"'(f,,~q))   ; 

:'.(a)    F  (|)     is partially ^-correct w.r.t.    \|f    if and only if    lr(|»t)   | 

4- W 
(b) P (|)  in totally "-correct w.r.t.  t if and only if ~W(t9~t) ; 

if.(a) F (|)  is partially V-correct w.r.t. %    if and only if W f|,t) ; 

(b) P (|)  is totally Y-correct w.r.t. %    if and only if ~w"(^~^) ; 

S.(a) P1(|)  and F0(f) are partially '■-equivalent if and only if 

VqlW^P^q) V W:>,,~q) I | 

+ + 
(b)     F  (5)     and    F0(P)     arc  totally '•"-equivalent  if and  only  if 

Vq[~W^(f,q)   V   ~W^(f,~q)J   ; 

■ .(a)    F (P)     and    F0(f)    are partially determinate-equivalent  if and 

only  if       Vq[W^f,q)   vWV(Pi,~q)]   ; 

(b)    P,(|)     and    P0(|)    are totally deterrdnate-equivalent  if and 

only if      Yqt-V^Pjq)   V   -W^^-q)]   | 

7.(a)    P*(|)    partially ertends    F^O     if and only if   Vq[W^(^q) 3 W^f^q) ]   ; 

(b)    P*(|)    totally ortends    P*(e)     if and only if   Vq[W^(!,q)  = W?(l,q)]   | 

I.(»)    F.(|)     and    P-(l)    are partially   equi'/alent if and only if 

fq[wj(|,q) ■ wj(|,q)] ; 

(b)    P,(|)     and    P„(|)    are totally   equivalent  if and rnly  if 

vq[W'(?,q)   ■ W:(?,a)   ]    . 

li 



Proci' oi" Iheoreo 

1 .  a 

I 

■■■J 1,9) 

(b) 

(•) 

~Vy[i   F (I) A y / a       ?.    ■:     Jy[y€F+(e) Ay/»]   . 

~^' S?)    »   ~3y{;   F+(|) A [y / • 3 »])    «   Vy[y€P+(0 => y A •]  • 

~ Vq^   =. ; ,/    |,  -    :■ ;i   - tfY(|,q)   /»   ~V;Y(S ~q)] 

;: ■   '. [y       :     ■       '   '       l(^y)] A ~ Vviv P^d) N y /x    , ^ q(! ,y) j] 

■••    J<l{3y[y   h(6) A y / « A ~ q(!iy)] A ay[ycF*(|) Ay/« A q({,y)]) 

••.. ;'' !yi'   '  :    ' ■ .L ' : V) ' y , / - A ^ /..   : 

»    -Vy^y J^rVO  A  y2€F+(|) A  y1 / - A   y2 / • D y^^ . yo J   . 

«   3qf3y{y€F+(|) A [,.  / ■/Sy);]A  Jy{y€F+(6)/<  [y / • = ~ q(!,y) ])) 

■■      ■    ■■■   ■"•■;■   '■'■) *  .'   ' i;,';s) '   I..L '   • A y2 /•:  yi / y ,1} 

:>   --r:-   L';   ^(0 ^ y2eF+(8)   ' y1 /«A y2 / - A y1 ^ yp)   . 

^(I,*)   -    [y{y€F+(|) A [y / x     . |,y) ,i  . 

~ W(t,, ^)      M     ^ lfy[y( F+U)   A   y   /  co  D  ^ ^(|,y) ] 

-   3y[y F+(l) A y /• A K5»y) 1 • 

;. .(a)    wYf«,*)   M   fy[y€F+({) A y/«D \jf(|,y)]    . 

b)    -W (I, -♦)    «   -  [y{y( P+(|)   r   [y ^ » o ~^(a,y)]} 

«   Vy[yF+(!) 3 y / • A ^(l,y) ]  . 

5.(»)      -YqfW^^q)   V  '/(S ~q) I     «     •:q[-'^f», q)   A   ~ W^( f , ~q) ] 

"   3q{Vy[y( F*(i) D y / • A ~ q{|,y) 1 A fytyrfgd) 3 y / - A q(l,y) j] 

• Vy1Yy,Jy1.1^(0 A  y V V\{\) ~. •J1 / - A y? /«A .'^ / y2] 

»   ~ •■yi ty [y^F^d) A y,. P2(|) ^  [^ ^•Ay2/«3y1- y2]]   . 

~Yq[~wJ(|,q) V~wJ(|,~q)]   «   5q[wJ(|,q) A wjd, ~q)] 

• :qrVyly Ft(!) A y / oo ^ q(|,y) 1 A fylycPgd) A y / • o ~ qd»y) 1] 

«   "y^y Jj^'F^C) A y1 / - A y2€P2d) A y, £ *~y1f 72\ 

• - ';.    .   '■•i'Fr*) 'r y-,F^^ A yi ^ =" A y;) ^ ^ A ^'i ^ ^^  • 
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I 

I 

• 

I -'.(a)     ~Vq[W^,q)   7Vr:'|,~q)]     «     -q[ ~W^'P,q)   A  ~ V;Y( ?, ~q) 1 

«   aqfSylycr^d) A y / • A - i(|,y) 1 A SytycPgd) A y / x A 4(|,y) 1] 

•   373^2^1^^ A yj^ / - A ygCPgCe) A y2 ^« A y1 / y2] 

I «    ~ Vy^y.,!;^. F^(P) A ygCFgCl) A y^^ / » A y2 / « 3 y1 - y2 ]   . 

(b)     ~Yq[ ~;^|,q)   V ~W2(P, ~q)l     «    "q[^(P,q)   A  W:'( « , ~q) ] 

«  aqlayfy^d) A [y ^« -•■ ii(t,y) ]} A ^y{y. F2(0 A [y / ■ D ~ q(Sy) P 

«  ayjSygty^^) A y2rF2(F) A [;'i ^ ■ A y2 ^ • D ^i ^ ^ 

«   - Vy^ygl:^^.?^!) A y2€P2(l) D y^^ / • A y2 ^ • A y1 ■ y2] . 

T.(a)     ~Vq[WY(P,q)  DWY(|,q)]     *     ^q[WY(P,q)   A   ~ WY(?,q) ] 

«   3q{Ty(y€P*d) Ay/-- q(',y) 1 A ay[y€P2d) A y / - A ~ q(f,y) 1] 

«   "y[yrF^(0 A y / or. A y/tF^ii) 1 

"   ~ fytycPgd) A y ^ • 3 ycP^d) 1 . 

(b)   ~ Yqt«|d>q) 3 w^d>q) ]   -   aqlw|d»q) A ~wjd,q)] 

«     aq{ay{y€F2(e)   A   ly  /  > -   q(Sy) ]]  A  ¥yly€P*d)    -   y  /  o. A  ~ q(P,y) )] 

«   ayty€P2d) A y/F*(0] 

«   ^tytycFgd)  3 y€F*d)] . 

i 
8. (a)     Follows from 7(a). 

(b)     FOUOWE from 7(b). 

Q.E.D. 

1 
I 
I 
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■Kxar.ple 

The conitructlon  Of    V (x^q)     a:.d    ir(x,q)      .ar already  : een 

descrü ed for several clAssea of non«detezi&ini8tlc ftlgorithmsi  euch u 

aon^detezninistic programs (NannA 19 ) and paralle.! programs (Ashcroft 

a:.d ."a:.:.a  [ '. ') . 

v/e n: all LUuitrate the construction of   W (x^q)    and   W"(x,q) 

for r. non^detezninlstic progrin computing the factorial function« 

In the pro^ra-.'i  re low a  : ra:. ■      -;'  '   ••   :'•:'::. 

A 
ic called a c.-.oice branch and meanc  that upon execution of the pro^m-n, 

at this point we are allowed to proceed wit:, either branc;.,   chosen 

ar: Ltrerily.     H e execution of the program proceeds until    zn ■ s*   ; 

then    y ■ t.*Zl   . 

For    x      3 ,   for example,   there are  30 different possible executions 

of the progren:    5 of then are represented by table l i elow,  10 by 

table "?.,    10 by table ••',  and '.- by table U, 

"1 B« "1 
-. ! 

1 3 1 0 

:•• o 

•■: 1 

o-C-l 0 

Zl -- "1 
- 1 

1 ? 1 0 
• o T_ 1 

3«2 1 

zl 
z
9 Jl 

■ t "2 

1 3 1 0 

3 «~< 1 .1 

1«2 6 

"1 
2
P "1 

1 3 1 0 

1 1 

1*2 ^-. 

1-2-3 3 

table i table 2 taule 3 table 1» 
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c STAR- D 
i 

«I-1 

z, - X 

4^1 

W(x,q)     is 

aP1':,P2
fP1(x,l,x,l,0) 

A Vz1Yz2Vz|Vz^[p1(x,z1,z2,z|,zp - i£ z2 = z^ then qCx,!,»!») 

else P2(x,z1,z2,z^zy ] 

A TiIT«2Y«JT«»[p2(x,«1,a2,z^««) D pj^Cx,^»«^«^!,!^!») v 

P1(x,z1,z2,zj_.fz^+l),z^+i)]}  . 

W  (x,q)     is similar, with the  'v'   connectiye replaced by  »A*. 

33 



COI-MENTS 

1.  There are clearly many natural extensions of our results. We shall 

present here just one example. 

Let f  and f_ he any two comparable partial functions, and let 

TP(*f.. (x), *-f 0(x)) called the termination property, be any formula 

constructed from primitives; *f. (x) ani ^f „(x) and propositional 

connectives ~ , r) , A , v and ■ . 

We say that f,(|) and f_U) are equivalent w.r.t. TP if 

»(♦fjd),^!)) A [tt^ii)  A *t2{i)  =) fjU) ■ f2(|)] ; i.e., if ^(0 

■and fg(l)  satisfy the termination property TP and if f, (I) and 

f-(|) are defined, then f-d) ' tJl)   . 

By specifying TP wc obtain as special cases all the notions of 

equivalence introduced in Part I (2(a)-(d)):  (a) partial equivalence 

(TP is T) ,  (b) extension (TP is *tJx)  3 *f1(x)) , 

(c) equivalence (TP is *f1(x) H *f (x)) , and (d) total equivalence 

(TP is *f1{x)  A *f2(x)) . 

The following result follows from Theorem 1 (0 and 2(a)): 

Theorem; t.{%)    and fJl)    are equivalent w.r.t. TP if and only if 

TP(~w1(?„?),~W2(|,5)) A Vq[w1(|,q) V w2(|, ~q) ] . 

Thus the theorem gives second-order formulas for the above four 

properties by appropriate substitutions for TP . However, Theorem 1 

(2(a)-(d)) gives simpler second-order formulas for the same properties. 

21 
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Gimilarly, one can extend the notlonc of correctnerc. In general, 

any property an be formalized in cecond-order predicate calculus, if 

it can be exprecced ac a comporition of cone  of the basic formulas 

(that were formalized in our theorems) usinc propositional connectives 

(~ ) A ,  V , 3 and  ) . The appropriate second-order formula is 

then the propositional composition of the corresponding basic second- 

order formulas. This, for example, was the way we formalized several 

properties in Part II. 

2.  Note that among the 'equivalence properties' defined in Part I, 

only equivalence,  i.e., property 2(c), is really an equivalence 

relation (i.e., reflexive, symmetric and transitive) as can be seen 

from the following table: 

property 
other names 
used in 

publications 

reflexive 
relation 

symmetric 
relation 

transitive 
relation 

equivalence 
relation 

partial weak 
equivalence eqiii valence yes yes no no 

extension inclusion yes no yes no 

equivalence strong 
equivalence 

yes yes yes yes 

total (termination) no yes yes no 
equivalence equivalence 

Among the 'equivalence properties' defined in Parts II and III only property 

7(b) in Part II and properties 8(a)(b) in Part III are equivalence relations. 

22 



3.  Our recultc inply that the cecond-oraer forrriula formalizinfT the 

•partial correctness' of a givtn algoritlun reprecentc, in some cense, 

all input-output relationr of the computationr of the algoritlmi. 

In general, a3_L our results hold even if the formulas w , H and 

formalize partial correctness in the followin»; weaker sense: /.wv 

For every ?rD. and for every predicate ^(x.,y)    over Dv x D 

(i)   »(!,♦)  if and only if aq([»f(|)3q(|,f(|)) ] Atylq(|,y)3*(|,y) ]) j 

(ii)  lf(|,t) if and only if "q{VylycF(|)-3q(?,y) ] A Vy[q(^y) - i(?,y) ]) ; 

(iii) W^d,^) if and only if ^qCJy(y^F+(0 A [y / » 3 qii,y) )) A 

vy[q(^y) = ♦(l,y)lj 

and 

WVU,\|/)  if and only if ^q{Vy[y.-F+(|) A y / =° 3 q(l,y) ] A 

Vy[qU,y) 3 tdiy)]) • 

h.      All the properties mentioned so far wore defined and formalized for 

fixed input values. One can extend all the definitions and the corresponding 

formulas to hold over some total input predicate cp(x) , which means that 

the property should hold for every |«D  s.t. cp(^) = T . More 

precisely, if property P for |CS  was formalized by W^d) , then 

the property P holds over input predicate cp(x) if and only if 

Vx[cp(x) 3 Wp(x) ] . 

25 
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5.  The formulae w , W and W -W'  conctracted in previous 

publications for various clasces of alcoritlrnis share an important 

common feature: all additional predicate symbols introduced in the 

formulas are exictentially quantified (see examples above). This 

is because the additional symbols were always introduced for the 

same purpose, namely to cut the algorithm into pieces which can be 

formalised directly. 

In this case certain properties happen to be formalised by 

first-order formulas, i'i.e., all predicate symbols are universally 

quantified); for example, propei^ties 0,  1(b) and 2(d) of Part 1, 

1,   2(b), 5(b) and 5(b) of Pfcrt II, and 1(a), 1(b), 2(b), 3(b), U(b), 

5(b) and "(b) of Part III. 
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